The nonlinear effect of noise-enhanced signal transmission by means of stochastic resonance in optics is studied. We investigate this effect for the novel case of spatial signals or images. With a theoretical model involving a threshold nonlinearity we describe a mechanism whereby the transmission of an image can be improved by the addition of noise. We argue that such a nonlinear mechanism can operate in different types of light scattering. With a stimulated Raman scattering experiment we verify the existence of a stochastic resonance effect in the transmission of a laser image; we show that maximal efficacy is obtained with the assistance of a speckle of sufficient intensity. The results extend the scope of stochastic resonance and can serve as a basis for further development of the effect in optics.
INTRODUCTION
A nonlinear phenomenon, known as stochastic resonance, is gradually attracting increasing attention from researchers in various scientific fields. 1, 2 In general terms, stochastic resonance can be described as an improvement of the transmission of a signal by certain nonlinear systems, which results from the addition of noise to the system. The paradoxical phenomenon was formally introduced some 17 years ago in the context of climate dynamics, 3 although some aspects of the effect can be traced back further. 4 Since its introduction, stochastic resonance has developed considerably, as it was progressively observed in an increasing variety of processes, including electronic circuits, optical systems, mechanical motions, magnetic devices, chemical reactions, and neurons. 5, 6 In the light of the recent results, it appears that stochastic resonance can appear in various forms, depending on the type of ordered or information-carrying signal, of noise, and of nonlinear system of transmission and on the measure of efficacy receiving improvement from the noise. An important form of this phenomenon that is frequently considered involves a bistable dynamic system governed by a double-well potential, in which a periodic signal receives assistance from the noise to overcome the potential barrier and switch the system between its two stable states. This is the form in which stochastic resonance was first reported 3 and in which it has received the greatest attention, 1, [6] [7] [8] as such periodically driven double-well dynamics were shown to apply to a wide variety of physical processes. In this case of a periodic signal, the common measure of stochastic resonance is a signal-to-noise ratio (SNR) that quantifies, in the system response, the power at the frequency of the periodic drive relative to the power in the noise fluctuation. 1, 2, 6 The signature of stochastic resonance is a SNR that culminates in a maximum value for an optimal (nonzero) noise level. In this nonlinear context of periodically driven bistable dynamic systems, theoretical analyses of stochastic resonance have been proposed, especially to predict the behavior of the SNR; they usually resort to approximations and are frequently restricted to the case of a slow or a small periodic signal or both. [5] [6] [7] 9 Recent advances that are especially significant for practical applications, include the extension of stochastic resonance for the transmission of aperiodic signals, for which case new measures of efficacy (because the conventional SNR no longer applies) have been proposed and shown to be improvable by the addition of noise. 10, 11 For the domain of optics, stochastic resonance has been reported in the context of periodically driven bistable dynamic systems, for which several implementations have been proposed to realize a bistable optical system that is switched between its two stable states by a periodic signal (usually a sinusoid) aided by noise. 1, 2, 6 Recently a theory was proposed 12 that describes stochastic resonance in another class of nonlinear dynamic systems (other than double-well bistable dynamics) in which the nonlinearity is static (or memoryless) and possibly followed by an arbitrary linear dynamic system. This theory demonstrates that stochastic resonance can occur in simple nonlinear systems, as simple as a threshold nonlinearity, for instance. This form of stochastic resonance with threshold or static nonlinearities has also been found applicable to a wide variety of physical systems, 13, 14 including electronic circuits 15 and neurons. 16 One of our purposes in writing this paper is to demonstrate its feasibility in optical settings, especially in different types of light scattering in which a noise-enhanced signal transmission can be obtained. Another important feature shared by the optical systems (and by most other systems also) that have been shown to exhibit the double-well-dynamics form of stochastic resonance is that they deal with temporal or onedimensional signals. By contrast, the more recent form of stochastic resonance with static nonlinearities 12 can readily be extended to spatial or two-dimensional signals as encountered in optics with images. It is another purpose here to discuss the possibility of noise-enhanced transmission through stochastic resonance for spatial signals in optics. Application of stochastic resonance to spatial signals is a new topic, seldom considered except in a recent study that reports a psychophysical experiment showing that visual perception of images can be improved by addition of noise. 17 We first present a mechanism for stochastic resonance in a simple static nonlinearity operating on aperiodic spatial signals, together with the establishment of a measure of efficacy appropriate for this novel context. We then show that such a mechanism can be expected to operate, at least approximately, in optical systems that involve scattering of light. We then report results from a stimulated Raman scattering experiment that demonstrate a stochastic resonance effect with spatial signals.
MODEL FOR STOCHASTIC RESONANCE IN SPATIAL SIGNALS
Let S(x, y) be a binary image, where (x, y) are integers that index the pixels on the array with S(x, y) ϭ 0 or S(x, y) ϭ 1. A noise N(x, y) corrupts linearly each pixel of image S(x, y). The noise values are independent from pixel to pixel and are identically distributed with the cumulative distribution function F(u) ϭ Pr͓N(x, y) р u͔. The sum S(x, y) ϩ N(x, y) is input onto a nonlinear system, producing the output Y(x, y) according to the following expressions:
We consider the regime where the threshold Ͼ 1. In this condition and in the absence of noise N(x, y), input image S(x, y) alone is totally unable to trigger a response in Y(x, y), which remains a blank image (filled with zeros), and input pattern S(x, y) is completely lost in output Y(x, y). Then, if noise N(x, y) is gradually raised above zero, there will first exist a possibility of cooperation in which the noise can assist the bright pixels S(x, y) ϭ 1 in overcoming the threshold to light on a response Y(x, y) ϭ 1 on the output image. This beneficial outcome first gets more probable as the noise level is increased, reinforcing the similarity of output image Y(x, y) and input image S(x, y). Past an optimum level when the noise is further raised, the action of noise N(x, y) alone tends to dominate output image Y(x, y), which ends up with a random appearance. In this way, if input image S(x, y) contains a pattern with spatial correlation, this pattern will be transferred to the output image with assistance from the noise, and with maximum efficacy for an optimal noise level, as illustrated in Fig. 1 .
The present mechanism, in common with other forms of stochastic resonance, achieves a noise-enhanced signal transmission. This mechanism, compared with the standard forms of stochastic resonance, includes two unique features. First, it deals with an aperiodic rather than a periodic input signal; second, it involves spatial (twodimensional) rather than temporal (one-dimensional) signals. To quantify the effect here, the SNR defined in the frequency domain for periodic temporal signals is no longer appropriate, because for aperiodic spatial signals the information involved has no precise frequency localization. We propose to extend here to spatial aperiodic signals, correlation measures similar to those introduced in Ref. 10 for stochastic resonance with temporal aperiodic signals. To quantify the visual effect that appears in Fig. 1 we need a quantitative measure of the similarity between input image S(x, y) and output image Y(x, y), and we need to show that this measure culminates at a maximum value for an optimal nonzero noise level. A possible measure is the normalized cross correlation between images S and Y, defined as where ͗ ͘ denotes an average over the images. A strong similarity between images S and Y is denoted by R SY close to 1. R SY quantifies the similarity contained both in the mean values of the images and in the fluctuations around these means. It is also possible to measure the similarity contained only in the fluctuations around the means, with the normalized cross covariance
where C SY is close to 1 when images S and Y carry strongly similar structures and is close to 0 when the images are unrelated. We now derive theoretical expressions for our similarity measures R SY and C SY , as a function of the statistical properties of noise N, and show that both of them are able to verify the presence of stochastic resonance.
We have the average ͗S͘ ϭ 1 ϫ Pr(S ϭ 1) ϩ 0 ϫ Pr(S ϭ 0); thus ͗S͘ is simply p 1 ϭ Pr(S ϭ 1), the probability of a pixel at 1 in image S(x, y), which can be estimated as the fraction of pixels at 1 in a large image.
In the same way ͗Y͘ ϭ Pr(Y ϭ 1) ϭ q 1 , where this new probability q 1 is expressable as
We have introduced the conditional probability p 11 ϭ Pr(Y ϭ 1͉S ϭ 1), which is also Pr(S ϩ N Ͼ ͉S ϭ 1), which amounts to Pr(N Ͼ Ϫ 1) ϭ 1 Ϫ F( Ϫ 1). With similar rules we arrive at
Also, we have ͗SY͘ ϭ 1 ϫ 1 ϫ Pr(Y ϭ 1; S ϭ 1)
The numerator of Eq. (3) is expressable as ͗SY͘ Ϫ ͗S͗͘Y͘. The denominator of Eq. (3) is nothing more than the product of the standard deviations SD(S) 
and for the cross covariance of Eq. (3)
Our two similarity measures to characterize stochastic resonance, R SY and C SY , are now completely computable, through Eqs. (4)- (6), for a given p 1 as a function of the noise properties conveyed by F(u). Figure 2 shows the evolution, with the noise rms amplitude, of our two similarity measures provided by the normalized cross correlation R SY and the cross covariance C SY in the conditions of Fig. 1 , where the probability p 1 ϭ 0.148. Both measures exhibit a nonmonotonic evolution that culminates at a maximum for an optimal nonzero noise level. The noise level that maximizes R SY and C SY also corresponds to the maximum visual similarity that one can get when observing the images of Fig. 1 , which demonstrates an effect of noise-enhanced information transmission through stochastic resonance in spatial signals.
The results presented in this section are useful for two purposes: (i) They make clearly visible elementary ingredients (a subthreshold aperiodic signal assisted by noise to overcome a threshold nonlinearity) that can form the basis for a new form of stochastic resonance with aperiodic spatial signals and (ii) they establish measures appropriate to quantify the effect in this novel context. These results will now serve as guidelines for an experimental demonstration of this stochastic resonance.
STOCHASTIC RESONANCE WITH SPATIAL SIGNALS IN NONLINEAR OPTICS
We now investigate the possibility of a similar stochastic resonance effect in spatial signal transmission occurring in common phenomena of nonlinear optics. We look for optical processes that are able to couple an input signal with noise in a nonlinear manner appropriate to induce a noise-improved transmission. Light scattering by a nonlinear medium, as depicted in Fig. 3 , is especially suited for this purpose. In the scheme of Fig. 3 the coherent input signal S, the input noise N, and the output Y can be light electric fields or light intensities. When it is analyzed in terms of nonlinear optics, Fig. 3 represents a typical two-wave mixing scheme. The beams that carry S, N, and Y have transverse spatial structures forming images. We are interested in nonlinear phenomena able to couple beams S and N such that output beam Y (or at least one of the output beams induced by the coupling) reproduces accurately the spatial structure of input S with assistance from noise N.
In general, the nonlinear coupling of the two inputs can be implemented by a material that exhibits either a second-or a third-order nonlinearity. In both cases we can consider the use of the real or the imaginary part of the nonlinear susceptibility. Third-order phenomena yield a favorable variety of two-field coupling modes and are considered first. For two incident beams with the same spectral frequency , third-order coupling can be realized according to three kinds of physical process 18 
:
• The first one is the nonlinear variation of the material refractive index, described by the real part of the third-order nonlinear susceptibility without frequency change: (; , , ). It characterizes parametric coupling in which energy transfers between the beams occur without losses in the nonlinear medium.
• The second makes use of a nonlinear absorptionsaturable or inverse saturable-described by the imaginary part of (; , , ). In this case, energy can be exchanged among the beams and between the nonlinear medium and the beams.
• The third is stimulated scattering (Brillouin, Rayleigh, or Raman) described by the imaginary part of ( D ; , , D ), where D is the stimulated scattering frequency related to the incident wave frequency by D ϭ Ϯ ⌬ and ⌬ characterizes the frequency change produced in the nonlinear medium by the scattering process. With stimulated Raman scattering, ⌬ is a molecular vibration frequency. Notice that in this case output beam Y has a frequency D that is different from the frequency of incident beams S and N.
In these three types of interaction the electric fields E S and E N , respectively, associated with beams S and N create a nonlinear polarization P, which is the source of the output electric field E Y . This polarization is
Notice that in Eq. (9) both fields and intensities (the latter expressed by the product E i E j * , i ϭ j) can be active. We assume here that the propagation of the three beams S, N, and Y occurs along the Oz axis. The images formed by the spatial structure of the beams are described by the transverse distributions of the fields, or at least of the intensities, in plane (x, y). We want to examine the possibility for the spatial structure of output Y, described, say, by ͉E Y (x, y)͉, to reproduce with best accuracy the spatial structure of input S, described by ͉E S (x, y)͉, with the help of an optimal nonzero noise level on N. This would be a stochastic resonance effect in image transmission by means of light scattering.
As revealed by the previous studies reviewed in Section 1 and conducted on temporal signals, the nonlinearities that involve a threshold are especially suited (although they are not absolutely necessary 12, 19 ) to inducing stochastic resonance. Also, as shown by the model of Section 2, a simple threshold mechanism is able to produce an extension of stochastic resonance to spatial signals. We are thus lead to ask whether, among the optical interactions described above, some of them involve some sort of threshold. For the stimulated scatterings, when the exciting wave intensity is continuously increased from zero the scattered wave goes abruptly from a spontaneous regime to a stimulated regime with a steep and strong growth in intensity. A stimulated scattering threshold can be defined in the case of Brillouin, Rayleigh, and Raman scatterings and has been the subject of theoretical models and of measurements. [20] [21] [22] We then examine, in an experiment with stimulated Raman scattering (SRS), whether a stochastic resonance effect is indeed possible in these conditions.
The principle of the experiment is the following: spatial input signal S and noise N (composed of spatial speckle) produced by the same laser source are superposed in a nonlinear medium. The signal intensity in S alone is too weak to produce SRS. Addition of noise N allows SRS to be induced. The evolution of the Raman output signal Y is observed as a function of the intensity of the noise. The image carried by the output Raman beam is compared with the input image on S, and we look for the maximum similarity between them that would occur for a nonzero intensity of the speckle image.
STOCHASTIC RESONANCE IN A RAMAN NONLINEAR SYSTEM A. Stimulated Raman Scattering
Before we report the details of the experiment and its results it is useful to emphasize the key characteristics on which we rely, of the Raman response of a medium to excitation by a single laser beam. A simplified expression of output Raman intensity I R as a function of input laser intensity I L is given in Ref. 23 as
with G ϭ (I L ϩ បc D /V)g, where g is the Raman gain and l is the depth of penetration in the scattering medium excited over volume V. Equation (10) conveys the essential nonlinear features of the evolution of I R as a function of I L , as depicted in Fig. 4 . Three different regions can be distinguished in the evolution of Fig. 4 : I, at low input intensities I L spontaneous emission alone occurs and produces a weak linear response I R ; II, for sufficient I L stimulated emission comes into play and leads to an exponential growth of I R to high values; III, the saturation of the active medium occurs and stops the exponential growth of I R , which reverts to being linear.
The steep and strong growth of the Raman intensity I R between regions I and II is a type of nonlinear response that can be appropriate to generate a stochastic resonance effect, for which we now look.
B. Experimental Setup
The setup that produces and combines the signal and the noise inputs is represented in Fig. 5 . A 25-ps pulse is provided by a double-frequency mode-locked Nd:YAG laser (532 nm). A beam splitter separates the incident laser into two components: The reflected beam (carrying 10% of the total laser energy) is used to produce the signal beam, and the transmitted beam produces the noise. The rotation of a half-wave plate associated with a fixed Glan polarizer permits a fine energy control in each beam without changing the linear polarization.
The signal beam is spatially modulated by grid G2. Then its size is reduced with an afocal device (L3, L4) and focused by lens L5 onto the cell that contains the active Raman medium. The image imprinted by G2 in the transverse structure of the signal beam is shown in Fig. 6 .
The noise beam is produced when the input beam crosses aberrative phase plate G1, which is associated with the afocal system (L1, L2), to reduce the beam size. Phase plate G1 can be considered a random distribution of pupils. When it is illuminated by coherent light, plate G1 yields, by diffraction in the transverse plane, a spatially random distribution of intensity or speckle. 24 A speckle image carried by the transverse structure of the noise beam is shown in Fig. 7 .
Recombination of the signal and noise beams is achieved by a beam splitter, and the composite beam goes through the Raman cell. The length l of the active medium contained in the cell is the result of a compromise. On the one hand, l has to be small enough to permit the same transverse distribution of the signal beam throughout the Raman medium; on the other hand, l has to be large enough to provide a sufficient forward Raman amplification and at the same time avoid backscattering. 25 Length l ϭ 16 cm is chosen when the active medium is a high-Raman-gain liquid such as acetone. Acetone is used in our experiment because it exhibits a large ratio of Raman gain/Kerr constant, which avoids perturbations by self-focusing. Moreover, its short Raman relaxation time (0.34 ps) ensures the steady-state exponential evolution of the scattering.
At the output of the cell the Raman wavelength (629 nm) is separated from the laser wavelength by a dichroic mirror and a selective filter. lens L6 (Fig. 5) focuses the Raman beam onto a CCD camera with a resolution of 80 ϫ 60 pixels with a 16 m ϫ 11 m pixel size.
C. Results
The intensity of the signal beam is adjusted below the Raman threshold (near 2.5 GW/cm 2 in the acetone cell). In these conditions, in the absence of the noise beam (when the noise pathway is blocked), the signal beam alone is insufficient to induce SRS, and no output Raman image is detected on the CCD camera. The intensity I N of the noise beam is then gradually increased from zero. For sufficient noise intensity, SRS produced by the superposi- tion of the signal and noise beams inside the active medium begins to take place. An output image Y(x, y) is detected on the CCD camera and, as noise intensity I N is raised further, we are interested in evaluating the similarity of output image Y(x, y) to input image S(x, y) carried by the input beam. A visual inspection can be performed with the images of Fig. 8 . As noise intensity I N is raised, the output image gradually becomes visible, and it emerges with increasing similarity to the input image.
The maximum of similarity can be detected for the optimal noise intensity (Fig. 8e) . As the noise intensity is raised further above this optimal level, the output image becomes increasingly dominated by the noise, and it gradually loses its similarity to the input image. An optimal nonzero noise level then exists that maximizes the efficiency of the image transmission, which is the signature of a stochastic resonance effect. For a quantitative characterization we computed the degree of similarity between input S(x, y) and output Y(x, y) images, defined by the cross correlation R SY of Eq. (2). The evolution of R SY with noise intensity I N is shown in Fig. 9 . Figure 9 clearly shows that the similarity measure R SY begins to increase with noise intensity I N , up to an optimal noise level where it is maximized, and then gradually decays with I N . This is the quantitative confirmation of the stochastic resonance effect.
DISCUSSION AND CONCLUSION
We have established, both with the theoretical model of Section 2 and with the SRS experiment of Section 4, the possibility of improving the nonlinear transmission of a spatial signal by adding noise.
The model of Section 2 presents the possibility of a form of stochastic resonance in the novel field of nonlinear transmission of spatial aperiodic signals. This simple model makes clearly visible the ingredients that render possible a stochastic resonance effect: (1) a nonlinear system that responds with a threshold or at least a sufficiently abrupt demarcation in its input-output transfer, (2) a signal that alone is insufficient to induce a significant response of the system, and (3) a noise that can assist the signal in overcoming the nonlinearity. The model of Section 2 also establishes quantitative measures appropriate for characterizing this novel form of stochastic resonance with spatial aperiodic signals.
We argued in Section 3 that the ingredients described in Section 2 to induce stochastic resonance can be found in different types of light scattering by nonlinear media. We chose to examine the case of stimulated Raman scattering, and we conducted an experiment to demonstrate the possibility of stochastic resonance in spatial signal transmission. This experiment represents the first demonstration to our knowledge of a noise-enhanced spatial transmission through stochastic resonance in an alloptical setting where the input signal, the noise, and the output signal are light beams.
We emphasize that the model of Section 2 does not stand as a quantitative and accurate model for the optical effect reported in Section 4. Stimulated Raman scattering is a complicated nonlinear phenomenon. Yet the simple model of Section 2 is able to capture, in a schematic way, a few essential nonlinear properties that, when they are present in one form or another, can constitute the basis for a stochastic resonance effect. This expectation was well justified by the results of the SRS experiment. Moreover, the stochastic resonance obtained with SRS, for the reasons discussed in Section 3, can be expected to exist also with other types of stimulated scattering and in other nonlinear media. In addition, materials that are known to exhibit a sharp change of transmission that depends on the laser intensity, for instance because of saturable and biphotonic absorption, could also lend themselves to stochastic resonance.
The present results, both the theoretical model and the experimental demonstration, contribute to extending the validity and usefulness of stochastic resonance. Also, they may lead to further developments and applications in nonlinear optics based on the possibility of extracting benefit from noise.
